Introduction
In this paper we work over the field of complex numbers. Let X H P 2nþ1 be an irreducible, non-degenerate, projective variety. Assume X is not defective, namely its secant variety fills up the whole P 2nþ1 . Then there are finitely many secant lines to X passing through the general point of P 2nþ1 . One denotes by n :¼ nðX Þ the number of these secant lines. This is the number of so-called apparent double points of X . One sets nðX Þ ¼ 0 if X is defective, i.e. if the secant variety of X is a proper subvariety of P 2nþ1 . Smooth surfaces with n ¼ 1 have been classified by Severi (see [14] ), whose original incomplete argument has been fixed by the second author in [13] . A di¤erent, faster proof of Severi's classification has been given in [8] , where one gives the full classification of smooth threefolds in P 7 with n ¼ 1 and one also proves that n-dimensional varieties in P 2nþ1 with n c 2 are linearly normal. In this note we classify smooth surfaces X with n ¼ 2. As customary, we let d :¼ degðX Þ, g :¼ gðX Þ be the sectional genus of X . Our result is as follows: Theorem 1.1. Let X be a smooth, irreducible, non-degenerate, projective surface in P 5 with n ¼ 2. Then X is rational and one of the following happens:
(i) d ¼ 6, g ¼ 2 and X is the complete intersection of the Segre embedding of P 1 Â P 2 in P 5 with a quadric hypersurface; the surface X can be also described as the image in P 5 of a linear system of plane 4-ics with one double point and 6 distinct simple base points;
(ii) d ¼ 7, g ¼ 3 and X is the residual of two planes in the complete intersection of a cubic hypersurface with a cone with vertex a point over a smooth cubic scroll surface in P 4 ; the surface X can be also described as the image in P 5 of a linear system of plane 6-ics with 7 distinct double base points and one simple base point.
Conversely, smooth surfaces as in (i) and (ii) have n ¼ 2.
Our proof is inspired by the ideas contained in [8] . However new technical di‰-culties arise in this case, which we had to overcome with arguments of birational nature, which show, if still needed, the rich interplay between projective and bira-tional geometry. The main tool here is the information provided by [8] , Theorem 4.1, which implies that the projection of a surface X H P 5 with n ¼ 2 from its general tangent plane to P 2 has degree 2 (see Lemma 3.2) . Using the corresponding family of birational involutions on X , we are able to prove in §5 that smooth surfaces with n ¼ 2 are either regular or irrational ruled surfaces and then we exclude the irregular case by using, among other things, a classical result of de Franchis on irregular double planes. We finally prove our classification in §6. In both these sections some basic results from adjunction theory are needed, which we expose in §4.
Surfaces in P 5 with n ¼ 2 have been classically considered by Edge in [9] , p. 293, where he presents the example of surfaces of type (i) in the statement of Theorem 1.1. Actually, as we shall see in §3 (see Example 3.5), this surface belongs to an infinite series of examples of smooth, irreducible varieties of dimension n and degree 2n þ 2 in P 2nþ1 , with n ¼ 2, for any n d 1. The first instance of a variety of this series is the elliptic normal quartic curve in P 3 . Also the septic surface of type (ii) in the statement of Theorem 1.1 belongs to an infinite series of examples of irreducible varieties of dimension n and degree 3n þ 1 in P 2nþ1 , with n ¼ 2, for any n d 1 (see Example 3.6). However the varieties of this series all have a singular point of multiplicity n À 1, as soon as n d 3. We present also other examples of singular varieties with n ¼ 2 in §3.
It is perhaps worth noticing at this point that all smooth, irreducible, nondegenerate, linearly normal varieties X H P 2nþ1 of dimension n and degree d c 2n þ 1 have n c 1 (see [1] ). Those with n ¼ 1 are classified in [1] and are rational normal scrolls and the so called Edge varieties introduced by Edge in [9] (see also [8] , §2). As indicated by the above discussion, surfaces with n ¼ 2 are contained in the larger family of surfaces whose general tangent sections have hyperelliptic normalization. By the results of [8] , these are in turn contained in the larger family of surfaces such that the general projection in P 3 has a double curve whose normalization is hyperelliptic. It would be interesting to classify these more general surfaces.
We mention that in a forthcoming paper in preparation we will consider the following more general question. Let X H P 3kþ2 be a smooth, irreducible, nondegenerate, projective surface which is not k-defective, i.e. such that its k-secant variety coincides with P 3kþ2 . Note that the classification of defective surfaces goes back to Terracini [17] and is explained in [6] . For a non-defective surface X as above one can consider the number n k :¼ n k ðX Þ of ðk þ 1Þ-secant P k 's to X passing through the general point of P 3kþ2 . We are actually able to classify linearly normal surfaces with n k ¼ 1, a classification divined, but not proved by Bronowski [3] . We also prove that if n k c k þ 1 and X has no ðk þ 1Þ-secant P kÀ1 , then X is linearly normal in P 3kþ2 . A natural extension of the problem we deal with in the present paper is therefore to classify surfaces X as above with 2 c n k c k þ 1, an interesting question which seems however rather hard to attack in this generality.
Let X be a smooth, irreducible, non-degenerate, projective variety of dimension n. As customary, we will use the following notation w :¼ wðX
We will denote by K :¼ K X a canonical divisor on X . We will denote by 1 the numerical equivalence relation and by @ the linear equivalence among divisors on X .
If D is a divisor on X , we denote by jDj the complete linear system determined by D. If L is a linear system on X , we will denote by j L the rational map defined by X . If x 1 ; . . . ; x h are points on X and m 1 ; . . . ; m h positive integers, we will denote by
If X H P r is an irreducible, projective variety of dimension n we will let d :¼ dðX Þ be its degree. We will usually denote by H a hyperplane section of X and by H H jHj the linear system of hyperplane sections of X .
If x A X is a smooth point we will denote by T x X the embedded tangent space to X at x. We will denote by t x : X a P rÀnÀ1 the tangential projection of X from x, i.e. the projection of X from T x X .
Let X be a surface. We will denote by a : X ! AlbðX Þ the Albanese map of X . If X is not of Albanese general type, then the image of a is a smooth curve G of genus q. In this case a : X ! G is called the Albanese pencil. Its fibres are connected, hence the general fibre F is smooth and irreducible. Moreover k ¼ y if and only if F has genus zero.
If C is a curve in X , it will be called a ðÀnÞ-curve, if C F P 1 and C 2 ¼ Àn. If X H P r is an irreducible, projective surface we will let g :¼ gðX Þ be its sectional genus, i.e. the geometric genus of its general hyperplane section H. If X is smooth, one says that X is a scroll (respectively a conic bundle) if there is a morphism f : X ! G, where G is a smooth, irreducible curve, such that H Á F ¼ 1 (respectively H Á F ¼ 2). If X is a scroll (respectively a conic bundle) and q > 0, then f is the Albanese map.
Let 0 c a 0 c a 1 c Á Á Á c a k be integers and set
Recall that a rational normal scroll Sða 0 ; . . . ; a k Þ in P r is the image of the projective bundle P :¼
, it is the cone over Sða iþ1 ; . . . ; a k Þ with vertex a P i . One uses the simplified notation Sða
Given positive integers 0 < m 1 c Á Á Á c m h we will denote by Segðm 1 ; . . . ; m h Þ the Segre embedding of
. . . ; m h ÞÞ F Z h , generated by the line bundles x i ¼ pr
h . The hyperplane divisor of Segðm 1 ; . . . ; m h Þ is of type ð1; . . . ; 1Þ. Notice now that Sð1 n Þ H P 2nÀ1 coincides with Segð1; n À 1Þ.
Preliminaries and examples
We start by recalling from [8] , Proposition 1.1, the following fact:
Proposition 3.1. A smooth, irreducible, non-degenerate, projective variety X H P 2nþ1 of dimension n with n ¼ 2 is linearly normal.
Let X H P 2nþ1 be an irreducible, non-degenerate, non-defective variety of dimension n. Let x A X be a general point. Terracini's lemma implies that the tangential projection t x : X a P 2 is dominant (see [6] , §3). One denotes by d :¼ dðX Þ its degree. One knows from [8] , Theorem 4.1, that d c n. More precisely, we have:
Proof. If d ¼ 1, then by the results of [8] , §4, one knows that n ¼ 1. Thus the assertion follows. r
We give a first example: Example 3.3. A smooth, irreducible elliptic curve X of degree 4 in P 3 has n ¼ 2 by Clebsch formula for the genus of a plane curve.
More generally a reduced, not necessarily irreducible, non-degenerate curve X in P 3 of arithmetic genus 1 and degree 4 has the same property. Indeed, if X has more than one component, then only these cases are possible:
X is the union of a smooth plane cubic curve X 1 and of a line X 2 intersecting X 1 at a point;
X is the union of a twisted cubic and one of its secant lines;
X is the union of two conics intersecting at two points.
It is clear that all these curves have two apparent double points.
The classification of smooth curves with n ¼ 2 is easy: Theorem 3.4. Let X H P 3 be a smooth, irreducible, non-degenerate curve with n ¼ 2, then X is an elliptic curve of degree d ¼ 4.
Proof. By [12] , if x A X is a general point, the tangent line T x X meets X only at x. Hence by Lemma 3.2 one has 2 ¼ d ¼ d À 2. Thus d ¼ 4 and X is elliptic by Proposition 3.1. r
Next we give a general example of smooth varieties with two apparent double points.
Example 3.5. Let X H P 2nþ1 be the complete intersection of Segð1; nÞ with a general quadric hypersurface Q H P 2nþ1 . Then X is a smooth, irreducible, non-degenerate variety of dimension n and degree 2n þ 2, which is a divisor of type ð2; 2Þ on Segð1; nÞ.
Let us prove that these varieties have n ¼ 2. We use an argument due to Edge in [9] . Indeed the locus of secant lines to Segð1; nÞ passing through a general point p A P 2nþ1 is a linear space P 3 p cutting Segð1; nÞ along a smooth quadric surface Q p ¼ Segð1; 1Þ H Segð1; nÞ. Thus the secant lines to X passing through p are the secant lines to a reduced degree 4 curve of arithmetic genus 1 contained in Q p . The conclusion follows by the discussion in Example 3.3.
For n ¼ 1 we get the elliptic quartic normal curve and for n ¼ 2 a surface of the type (i) in Theorem 1.1. Let us see that X is rational and represented on the plane as indicated in Theorem 1.1. Indeed by adjunction we have that jÀKj ¼ jx 2jX j is base point free and
Thus X is rational. Moreover, jH þ Kj ¼ jx 1jX j is a pencil of conics on X . Hence we have a morphism f : X ! F a , where a d 0 and F a is the Hirzebruch surface with an irreducible ðÀaÞ-curve E and rulings F . Notice that f has to consist of a sequence of blowing-ups of F a at 6 point p 1 ; . . . ; p 6 , which, a priori, can be distinct or infinitely near. However, since the images on X of the rulings F of F a are conics, it is clear that the points p 1 ; . . . ; p 6 are all distinct, with exceptional divisors E 1 ; . . . ; E 6 , corresponding to the reducible conics of the pencil jK þ Hj. Furthermore f maps H to a linear system H 0 of curves on F a . Since the exceptional divisors E 1 ; . . . ; E 6 on X are lines, the base points of H 0 are p 1 ; . . . ; p 6 and these are simple base points for H 0 . Thus the general curve C of H 0 is smooth, irreducible, of genus 4. One has C 1 2E þ bF , where b > 2a because one has
If a ¼ 2, consider morphism map j jEþ2F j : F 2 ! F H P 3 . Then the image F is a quadric cone. We set j jEþ2F j ð p i Þ ¼ q i , i ¼ 1; . . . ; 6. Let H 00 be the image if the linear system H 0 via j jEþ2F j , which has base points q 1 ; . . . ; q 6 . The general curve C of H 0 , which meets E at one point, is isomorphically mapped to the general curve of H 00 , which is smooth, of degree 5. By projecting F to P 2 from q 1 , we have a birational map, which sends H 00 to a linear system of quartics having 6 distinct base points, the images of q 2 ; . . . ; q 6 and the image of the vertex of F. This proves the assertion in this case. The cases a c 1 are similar and can be left to the reader.
Note that conversely, a rational surface with plane representation as indicated in (i) of Theorem 1.1 can be realized as a divisor of type ð2; 2Þ on Segð1; 2Þ. Indeed the lines through the double base point of the system of quartics gives rise to a pencil of conics, whose planes sweep out Segð1; 2Þ, on which X is cut out by a quadric.
It is not di‰cult to construct singular varieties with n ¼ 2, or, more generally, with an assigned number of apparent double points. Although we will not be interested in singular varieties later, we present here, in a non-exhaustive way, some of these constructions.
Example 3.6. Consider the cone Sð0; 1 nÀ1 ; 2Þ H P 2nþ1 of dimension n þ 1 and degree n þ 1. Take the intersection of it with a general cubic hypersurface S H P 2nþ1 containing two general P n 's of the ruling of the cone. Then the residual intersection of Sð0; 1 nÀ1 ; 2Þ and S is an irreducible non-degenerate n-dimensional variety X H P 2nþ1 of degree 3n þ 1. These varieties have n ¼ 2. This can be seen with an argument similar to the one given in the previous Example 3.5. In fact the locus of secant lines to Sð0; 1 nÀ1 ; 2Þ, passing through a general p A P 2nþ1 is a linear space P 3 p cutting Sð0; 1 nÀ1 ; 2Þ along a quadric cone Q p ¼ Sð0; 2Þ H Sð0; 1 nÀ1 ; 2Þ. Thus the secant lines to X passing through p are the secant lines to a reduced degree 4 curve of arithmetic genus 1 which is the residual intersection of Q q with a cubic surface containing two lines of the ruling. Again the conclusion follows by Example 3.3.
For n ¼ 1 we obtain once again the elliptic quartic normal curve. For n ¼ 2 we find a degree 7 smooth surface X H P 5 as described in (ii) of Theorem 1.1. Let us see that the surface X is rational with a plane representation as described in (ii) of Theorem 1.1.
The surface X has a pencil jDj of plane cubic curves with a base point and such that its general member is smooth and irreducible. The pencil is cut out on X by the rulings of Sð0; 1; 2Þ. Moreover, by adjunction, ÀK @ D so that
2 and from the fact that a hyperplane section is connected, we deduce E 2 < 0 and K Á E < 0, i.e. E is a ðÀ1Þ-curve. By contracting it and from H þ 2K @ E, we obtain a surface X 0 such that
Hence X is the blow-up of P 2 in 8 points in general position and the conclusion follows. Conversely, it is immediate to see that a surface with a plane representation as in (ii) of Theorem 1.1 is of the above type.
From n d 3 the varieties X in question have a singular point of multiplicity n À 1 at the vertex of Sð0; 1 nÀ1 ; 2Þ.
Example 3.7. Consider the cone Sð0 2 ; 1 n Þ H P 2nþ1 of dimension n þ 2, which is the cone with vertex a line over Segð1; n À 1Þ, n d 2. Let us take consider a general quadric Q 1 containing a ruling P of Sð0 2 ; 1 n Þ. Let us consider then the n-dimensional variety X such that X is the complete intersection of Sð0 2 ; 1 n Þ with Q 2 and with another general quadric Q 2 , o¤ the ruling P. The degree of X is d ¼ 4n À 2. With an argument which is very similar to the ones we exploited in the previous examples, and which we are not going to repeat now, one can see that n ¼ 2. For n ¼ 2, we find again the surface in (i) of Theorem 1.1. For n d 3 the varieties X have two multiple points of multiplicity n À 1 along the vertex of Sð0 2 ; 1 n Þ.
Example 3.8. This example is inspired to a series of examples with n ¼ 1 proposed and never published by A. Verra. Fix integers n, m so that n > m > 0. Then fix a P 2mþ1 in P 2nþ1 and an irreducible, non-degenerate m-dimensional variety Y . Consider a projective space P of dimension 2ðn À mÞ À 1 skew with the fixed P 2mþ1 and take any n-dimensional variety which sits in the cone with vertex P over Y . We claim that nðX Þ ¼ nðY Þ. Indeed, let p A P 2nþ1 a general point and let p 0 be its projection to P 2mÀ1 from P. One easily sees that the secant lines to X passing through p are in one-to-one correspondence with the secant lines to Y passing through p 0 . The varieties in this example are in general singular along P.
We finish this section with an useful remark on surfaces with two apparent double points. Let X be a smooth, irreducible, non-degenerate, non-defective projective surface in P 5 . Recall the double point formula:
Using this we immediately get the following information:
Lemma 3.9. Let X H P 5 be a smooth, irreducible, non-degenerate, projective surface with n ¼ 2. The X is not a scroll.
Proof. Suppose X is a scroll. Then w ¼ 1 À g and K 2 ¼ 8ð1 À gÞ. Thus the double point formula gives:
which is impossible since the right hand side is never an integer. r
Adjunction theory
From now on we concentrate on smooth, irreducible surfaces in P 5 . In the present section we use adjunction theory to have more information on surfaces with n ¼ 2.
First we recall the following basic fact (see [15] or [11] ), which we will use later on:
Proposition 4.1. Let X H P r , r d 3, be a smooth, irreducible, non-degenerate projective surface which is neither a scroll nor the double embedding of P 2 in P 5 or a projection of it in P 4 . Then jK þ Hj is not empty, base point free and the morphism j jKþHj contracts finitely many ðÀ1Þ-curves C of X such that H Á C ¼ 1. Now we specifically refer to surfaces in P 5 with n ¼ 2.
Lemma 4.2. Let X H P 5 be a smooth, irreducible, non-degenerate, projective surface which is not a scroll and whose general tangent hyperplane section has hyperelliptic normalization. In particular one may assume n ¼ 2. If w þ g d 6 then j jKþHj is a nonbirational map of X to its image.
Proof. One has
Suppose j jKþHj is a birational map of X to its image. Then if w þ g d 6 and x A X is a general point, also j jKþHjðÀxÞ would be a birational map of X to its image. But this is impossible, because the general curve in HðÀ2xÞ is hyperelliptic. r
Next we recall the following general fact (see [16] ):
Lemma 4.3. Let X H P r , r d 3, be a smooth, irreducible, projective surface. If X is neither a scroll nor a conic bundle and d d 9 then j jKþHj is a birational map of X to its image, unless one of the following happens:
(i) X is the 3-uple embedding of P 2 to P 9 or a projection of it, thus d ¼ 9, g ¼ 1,
(ii) X is a del Pezzo surface with K 2 ¼ 1, i.e. X is isomorphic to P 2 blown up at 8 points, embedded in P 6 via the map j jÀ3K X j , or a projection of it in
We will also need the following easy result:
Proof. Since d À g c 8 À g c 8 À 5 ¼ 3, the hyperplane series on H is special. Then Cli¤ord's theorem forces d ¼ 8, g ¼ 5, r ¼ 5 and the series in question has to be the canonical series, whence the conclusion follows. r
The case of regular surfaces in our main Theorem 1.1 is essentially settled by the following: Proposition 4.5. Let X H P 5 be a smooth, irreducible, non-degenerate, projective surface with n ¼ 2. If q ¼ 0 then 2 c g c 4, d ¼ g þ 4 and X is rational.
Proof. First we prove that g c 4. Suppose g d 5. Notice that a K3-surface of degree 8 in P 5 has n ¼ 4. Then by Lemma 4.4, we can assume that d d 9. Since q ¼ 0 then w d 1. Thus by Lemma 4.2, j jKþHj is a non-birational map of X to its image. Then, since q ¼ 0, by Lemmas 4.3, 3.1 and 3.9, there is a pencil of conics jDj on X , hence the general hyperplane section H of X is hyperelliptic. Thus jðg À 1ÞDj cuts out on H the complete canonical series. The same does jK þ Hj. Since X is not ruled, the general tangent hyperplane section of X is an irreducible nodal curve, by Proposition 1.5 of [7] , we have that K þ H 1 ðg À 1ÞD. In particular one has:
On the other hand, since H is hyperelliptic, its hyperplane series is non-special. It is also complete, since q ¼ 0, thus:
Finally the double point Formula (1) tells us that:
Putting (2), (3) and (4) together, one gets ðd À 5Þðd À 4Þ ¼ 2 whose only solution is d ¼ 6, contrary to the assumption d d 9.
We have thus proved that g c 4. Now we prove that d c 8. Suppose indeed that d d 9. Then the hyperplane series of H is non-special and complete, hence d ¼ g þ 4 c 8, a contradiction.
The cases g ¼ 0; 1 are not possible. Indeed they lead to rational normal scrolls and del Pezzo surfaces, which have n ¼ 1 (see [8] ). For the same reason we have d d 6. Thus we have 2 c g c 4 and 6 c d c 8. In any event the hyperplane series of H is non-special, and therefore one has
Since q ¼ 0, the surface S is rational. r
The irregular case
Let X H P 5 be a smooth, irreducible, non-degenerate, projective surface with n ¼ 2. In this section we exclude that q > 0. First of all we remark that Lemma 3.2 implies that, if n ¼ 2, for a general point x A X we have a double plane t x : X a P 2 , and therefore a birational involution i x : X a X . Proposition 5.1. Let X H P 5 be a smooth, irreducible, non-degenerate, projective surface with n ¼ 2. If q > 0 then k ¼ Ày.
Proof. Suppose q > 0, k d 0 and let a : X ! AlbðX Þ be the Albanese map. Let x A X be a general point. Then t x : X a P 2 is an irregular double plane. By a theorem of de Franchis (see [4] ) one knows that X is not of Albanese general type, i.e. aðX Þ ¼ G is a smooth hyperelliptic curve of genus q. Furthermore i x acts on G as an hyperelliptic involution i x .
We claim that, if x A X is a general point, then x is not an indeterminacy point for the birational involution i x of X . Indeed, let F be the fibre of the Albanese map of X through x. Notice that F is smooth and irreducible, of positive genus. The total transform of F via i x is another fibre F 0 , precisely the fibre over the point y 0 of G which is conjugate to x 0 :¼ aðxÞ via the hyperelliptic involution i x . Since x is general on X , then x 0 is general on G, and therefore also y 0 is general on G. Thus F 0 is also smooth, irreducible, of positive genus and therefore it intersects no rational curve on X . This implies that i x is well defined along F , hence at x. Let y ¼ i x ðxÞ. Notice that y 0 x. Indeed y 0 ¼ aðyÞ and x 0 ¼ aðxÞ are distinct, because they form a general pair of the hyperelliptic involution i x on G. Now observe that i x fixes every curve in HðÀ2xÞ. Hence i x maps HðÀ2xÞ to itself. On the other hand every curve in HðÀ2xÞ is singular at x and therefore its image under i x is singular at y. Therefore every curve in HðÀ2xÞ is singular at both x and y. This is impossible, because it would imply that the general tangent hyperplane section of X is tangent to X at two points at least, which is well known to be impossible (see [6] , Theorem 1.4). r
In order to exclude the case q > 0 it remains to prove the following:
Proposition 5.2. Let X H P 5 be a smooth, irreducible, non-degenerate, projective surface with n ¼ 2. Then X is not an irrational ruled surface.
Proof. We argue by contradiction and assume that X is an irregular ruled surface of irregularity q > 0. We let a : X ! G be the Albanese morphism and we let F be the general fibre of a. Notice that G is a smooth curve of genus q and F is a smooth rational curve.
The proof will be in several steps.
By Lemma 3.9 we cannot have
Then jK þ Hj is composed with the pencil a : X ! G. Namely there is a complete, base point free linear series L on G such that jK þ Hj ¼ a Ã ðLÞ. Let x A X be a general point. Set x 0 ¼ aðxÞ, which is a general point of G. As we know, t x : X a P 2 is an irregular double plane. By de Franchis' theorem (see [4] ) one knows that G is an hyperelliptic curve and i x acts on G as an hyperelliptic involution i x . We denote by I x the corresponding linear series of degree 2 and dimension 1 on G.
Let C be the general curve in HðÀ2xÞ, which is a nodal curve with a node at x and otherwise smooth. Let f : C 0 ! C be the normalization. We know that C 0 is hyperelliptic, with a map a : C 0 ! G sending the hyperelliptic involution of C 0 to the involution i x on G. Let x 1 , x 2 be the points of C 0 mapped to x by f . The linear system f Ã ðjK þ HjðÀxÞÞðÀx 1 À x 2 Þ ¼ a Ã ðLðÀx 0 ÞÞ is contained in the canonical system jK C 0 j, hence it is composed with the hyperelliptic involution on C 0 . This means that the linear series LðÀx 0 Þ on G is composed with the involution i x . On the other hand LðÀx 0 Þ cannot be special, otherwise L would have the base point x 0 , which is not possible. Thus LðÀx 0 Þ is q-times the hyperelliptic involution of G, i.e. L ¼ jqI x þ x 0 j, which is impossible, since x 0 is a general point of G. Moreover w ¼ 1 À q, hence we can apply Lemma 4.2 and we know that j jKþHj is a non-birational morphism of X to its image. Furthermore by Lemma 4.3, X has a pencil of conics, i.e. the general Albanese fibre is a conic F , which contradicts Claim 5.3. surfaces with d c 5 have n c 1 (see [8] ). We could finish by applying Ionescu's classification results on varieties of low degree (see [10] ). However we can also use the information we have to conclude our proof independently.
Let d ¼ 6. Then g ¼ 2 and the double point formula gives K 2 ¼ 2. Furthermore jK þ Hj is a pencil of conics giving a morphism j 1 : X ! P 1 . Take a smooth conic C A jK þ Hj and project X from the plane it spans. Since H À C @ ÀK, we get a degree 2 rational map j 2 : X a P 2 . Then j 1 Â j 2 : X a P 1 Â P 2 is given by the complete linear system jHj so that it is an embedding realizing X as a divisor of type ð2; 2Þ in P 1 Â P 2 and we are done. Let now d ¼ 7, hence g ¼ 3. The double point formula gives K 2 ¼ 1. Then jÀK X j is a pencil of curves of degree 3 with a single base point, so that the general member of jÀK X j is a smooth irreducible elliptic curve of degree 3, i.e. a plane cubic. Then X is contained in the intersection of a rational normal cone of degree 3 in P 5 with a cubic hypersurface and the conclusion follows.
Finally, consider the case d ¼ 8, g ¼ 4, hence K Á H ¼ À2. The double point formula gives K 2 ¼ 1, hence jÀKj is a pencil. Thus general member of jÀKj would be a degree 2 curve of arithmetic genus 1, which is a contradiction.
By taking into account the discussion in Examples 3.5 and 3.6, our proof is thus complete. r
